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Abstract 
 
The paper deals with the theoretical prediction of the at rest earth pressure coefficient 
for normally consolidated soils ( 0(NC)k ) using simple elasto-plastic constitutive models. 
In the first part of the work, the 0(NC)k  expressions derived from Critical State Soil 
Mechanics models are critically discussed. It is shown that, adopting typical values of 
the models parameters, the experimental 0(NC)k  values are usually over-predicted. In the 
second part, a possible modification of the critical state model formulation, which 
allows to predict lower 0(NC)k  values for a fixed angle of shearing resistance, is 
considered. Finally, a discussion of the results and some brief conclusions are proposed. 
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Introduction 
 
The experimental observation of the mechanical behaviour of undisturbed and 
reconstituted soils subjected to monotonic and cyclic loading conditions has been 
followed, in the last decades, by the formulation of constitutive relations with increasing 
complexity, but able to better describe the main features of the soil behaviour. The 
development of sophisticated numerical tools, such as the Finite Element (FE) Method, 
and the increase in computational power have allowed to investigate the influence of 
these constitutive relations on the results of static and dynamic geotechnical boundary 
value problems. 
 
As it is known, the correct definition of the in situ stress state is an important task in the 
numerical simulation of these problems. Whereas it is relatively simple to compute the 
vertical effective stress, the evaluation of the horizontal effective stress is usually a 
complex task, because the value of the at-rest earth pressure coefficient 0k  depends on 
the precise geological and engineering stress history of the soil deposit. This coefficient 
can be estimated using different empirical or theoretical correlations only in normally 
consolidated deposits; in over-consolidated soils, empirical correlations only apply if 
the over-consolidation is due to simple unloading [16]. The paper deals with the 
prediction, using simple elasto-plastic constitutive models, of the at rest earth pressure 
coefficient for normally consolidated soil deposits 0k  ( 0(NC)kº ), where this parameter 
can be considered a measure of the gravity load transmitted in the horizontal direction. 
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If the geometry and the boundary conditions of the engineering problem involving the 
soil mass enable to know in advance that the directions of the principal stresses due to 
gravity are the vertical and the horizontal ones, most of the commercial FE codes use 
simple procedures to generate the initial stress state in the soil body through a 0(NC)k  
value based on Jaky’s empirical formula [13] or defined by the user. When the soil mass 
is bounded by a non horizontal surface or the soil layers and the ground water level are 
not parallel to the horizontal ground surface, these procedures cannot be used and the 
gravity load has to be applied to the soil mass, giving an initial stress state which 
depends on the constitutive hypothesis adopted in the numerical simulation to model the 
mechanical behaviour of the soil. Varying the model, the definition of the initial stress 
state can have significative effects on the results of boundary value analyses in which 
the soil conditions are far from the failure, while in general it has negligible influence 
when failure is attained [20]. 
 
The Critical State Soil Mechanics models are still the most widely used constitutive 
models for predicting the stress-strain behaviour of normally and lightly over-
consolidated clays as they allow to treat, in a relatively simple way, both strength and 
compressibility within the same framework of strain-hardening elasto-plasticity. For 
their good predictive capability, the Cam-Clay family models are also extensively used 
in the numerical simulation of different geotechnical boundary value problems [1-3-4-9-
23-25]. 
 
In the first part of the paper, the 0(NC)k  expressions derived from the Critical State Soil 
Mechanics models are reviewed and the performance of these models in terms of 0(NC)k  
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prediction is critically discussed. It is shown that, adopting typical values of their 
parameters, the 0(NC)k  data are usually over-predicted. In the second part, some possible 
modifications of the critical state model formulation, able to improve the 0(NC)k  
prediction, are considered. In particular, the possibility to predict lower 0(NC)k  values 
for a fixed angle of shearing resistance simply changing the plastic potential surface 
shape of the Modified Cam-Clay model, i.e. adopting a non-associated flow rule, is 
described. The corresponding analytical equation for the at rest earth pressure 
coefficient predicted by the non-associated critical state model is derived. Moreover, 
single element simulations of oedometer and triaxial compression tests are performed 
using this model and validated with some experimental data found in the literature. A 
discussion on the results and future developments of the research is addressed in the 
final part of the paper. 
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The at rest coefficient of earth pressure predicted by the Critical State Soil 
Mechanics models 
 
The extensive experimental work on saturated reconstituted soil specimens led during 
the 60’s to the development of the Critical State Soil Mechanics (CSSM) theory [26-
27], which allowed to describe the soil compressibility and strength in a fully 
comprehensive way. Two different elasto-plastic constitutive models were developed to 
predict the stress-strain behaviour of cohesive soils observed during standard triaxial 
and oedometer tests: the Original Cam-Clay (OCC) model proposed by Schofield and 
Wroth [27] and the Modified Cam-Clay model (MCC) developed by Roscoe and 
Burland [26]. Both models are described in the triaxial plane using the effective stress 
invariants 
( )1 2 3p ' ' ' ' / 3= s + s + s  and ( )1 3q ' '= s - s  and the energy conjugate strain 
invariants 
( )v 1 2 3e = e + e + e  and ( )s 1 32 / 3e = e - e , 1 's , 2 's  and 3 's  being the 
principal effective stresses and 1e , 2e  and 3e  the corresponding principal strains.  
Analytical expressions of 0(NC)k  predicted by the Critical State Soil Mechanics models 
have been obtained by different Authors [5-19-26-27] and a short review of these 
equations is presented in the following. 
The condition of zero lateral strain during monotonic one-dimensional normal 
compression of soils implies that the ratio between the total volumetric and deviatoric 
strain increments is: 
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where the superscript “e” stands for the elastic part of the strain increment and “p” for 
the plastic one. Moreover, the experimental observations show that the ratio of all stress 
components usually remains constant during a one-dimensional path, thus implying 
that: 
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For any constitutive soil model described in the triaxial plane it is possible, in principle, 
to derive the predicted 0(NC)k  expression using the mathematical conditions (1) and (2). 
 
Original Cam-Clay model 
In the case of the Original Cam-Clay model, Schofield and Wroth [27] assumed that: 
 the elastic deviatoric strain increment is equal to zero, i.e. es 0de = ; 
 considering the work dissipated during shear, the plastic components of the 
strain increment are related by the OCC dilatancy rule: 
 
  
p
v
p
s
d M
de
= = - h
de
        (3) 
 
  where h  is the generic stress ratio ( q p'h = ) and M  is the stress ratio at critical 
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state ( M 6sin ' (3 sin ')= f - f  for triaxial compression). 
The first assumption is not correct, as during any elastic deformation of a soil both the 
deviatoric and the volumetric components of the elastic strain are greater than zero. 
Nevertheless, starting from these assumptions and using the conditions (1) and (2), 
Schofield and Wroth [27] derived the simple equation: 
 
0k
3
M
2
h = - L
         (4) 
 
where 
0k
h  (
0k 0 0
3(1 k ) /(1 2k )h = - + ) is the value of the stress ratio q p '  under 
conditions of zero lateral strain and 1L = - k l , 
l
 and k  being the gradients of the 
isotropic normal consolidation and swelling lines in the lnp'-v  plane
1
. A further 
improper assumption embedded in the description of the OCC model [27]
2
 is that Eq. 
(4) predicts 
0k
h  equal to zero for any value of M 3 2£ L , although this is strictly valid 
only for M 3 2= L . As a result, the 0k  value for normally consolidated soils predicted 
by the OCC model is given by: 
                                                 
1
 The parameter 
L
, known as the plastic volumetric strain ratio, indicates the proportion of irreversible 
volume change in the process of isotropic consolidation and also, with a good approximation, during 0k  
consolidation [2]. As cC 2.3l =  and sC 2.3k @ , then s c1 1 C CL = - k l - , cC  and sC  being the 
compression and swelling indexes. Note that usually 
k
 is assumed approximately equal to sC 2.3  since 
during one-dimensional swelling 0k  does not have a constant value. 
2
 Vide page 102 of this reference. 
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Eq. (5) reduces when the parameter L  attains its limit values 0 and 1, i.e. when i) the 
compression index is equal to the swelling index and ii) the swelling index is equal to 
zero, respectively. In the first case, representative of an ideal perfectly elastic soil 
( 0L = ), Eq. (5) becomes: 
 
0(NC)
3 M 1 sin '
k
3 2M 1 sin '
- - f
= =
+ + f
        (6) 
 
which is the expression for the coefficient of active earth pressure ak . In the second 
case, representative of an ideal rigid perfectly plastic soil ( 1L = ), the corresponding 
0(NC)k  expression deriving from Eq. (5) is: 
 
0(NC)
9 2M 9 7sin '
k
4M 8sin '
- - f
= =
f
        (7) 
 
Fig. 1 shows 0(NC)k  versus the effective angle of shearing resistance 'f  at ( )1 3 max' 's - s  
for different values of L , as predicted by the OCC model. It can be observed how, for a 
typical value of 0.8L = , the model predicts very high values of the 0(NC)k  coefficient. 
 
Fig. 1. 
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Modified Cam-Clay model 
To better model the mechanical behaviour of saturated cohesive soils, Roscoe and 
Burland [26] developed the Modified Cam-Clay model, which is a slightly different 
constitutive model characterized by a yield function with an elliptical shape and by the 
following dilatancy rule: 
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With the same incorrect assumption of elastic deviatoric strain increment equal to zero 
( es 0de = ) and using the new dilatancy rule (Eq. 8) combined with the conditions 
relevant to a one-dimensional normal compression loading path expressed by Eqs. (1) 
and (2), Roscoe and Burland [26] derived the quadratic equation: 
 
0 0
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which can be solved to give the value of 
0k
h  for a soil of known parameters M , l  and 
k . The corresponding 0(NC)k  expression is: 
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that gives 0(NC)k 1=  when M 0=  (i.e. ' 0f = ). In the particular case of 0L = , Eq. (9) 
reduces to: 
 
0 0
2 2
k kM 0 Mh - = Þ h = ±        (11) 
 
which results in the two limit slopes for the one-dimensional path represented by the 
critical state lines in triaxial compression and triaxial extension. As a result, the 0(NC)k  
coefficient becomes: 
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where M  is equal to 6sin ' (3 sin ')f - f  – proper for triaxial compression – in the case 
of 
0k
Mh = + , while it assumes the value 6sin ' (3 sin ')f + f , relative to triaxial 
extension, when 
0k
Mh = - . 
On the other hand, if 1L =  in Eq. (10), the corresponding 0(NC)k  expression for an ideal 
rigid perfectly plastic soil is: 
 
2
0(NC)
2
9 9 4M
k
2 9 4M
- +
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        (13) 
 
that is very different from Eq. (7). 
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The relation predicted by Eq. (10) between 0(NC)k  and the effective angle of shearing 
resistance 'f  is shown in Fig. 2 for different values of L . 
 
Fig. 2. 
 
The parameter L  has been reformulated by Federico [11-12] as a function of the 
independent variables f ,iA  and 'f : 
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where NCf ,i f ,iA Aº  is the Skempton’s pore pressure coefficient at failure for an 
isotropically consolidated undrained compression triaxial test with pore pressure 
measurement (CIUC test). This indirect determination of L  is more rapid than the usual 
one based on consolidation and swelling tests and is not affected by the uncertainties 
associated with the non linearity of the swelling lines. Substituting Eq. (14) into Eq. 
(10), Burland and Federico [5] obtained the following expression for the coefficient of 
earth pressure at rest for the MCC model: 
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Fig. 3 shows the variation of 0(NC)k  with 'f  for different values of f ,iA , as predicted by 
Eq. (15). This expression suffers of the same drawback of Eq. (10) in the limit case of 
an ideal perfectly elastic soil for which f ,iA 1 3= , predicting a 0(NC)k  value equal to ak . 
 
Fig. 3. 
 
Finally, the proper expression of the coefficient 0(NC)k  predicted by the Modified Cam-
Clay model has been derived by Muir Wood [19], removing the wrong assumption of 
e
s 0de =  and relating, more correctly, the elastic deviatoric strain increment 
e
sde  to the 
elastic parameters k  (slope of the unloading-reloading lines) and 'n  (Poisson’s ratio) 
through the equation: 
 
( )
( )
0ke
s
2 1 ' p '
9 1 2 ' p '
h k
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d
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        (16) 
 
where v  is the specific volume of the soil (being 1 e= +v  and e  the void ratio of the 
material). 
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Substituting the elastic and plastic strain components predicted by the Modified Cam-
Clay model during one-dimensional normal compression into Eq. (1), Muir Wood [19] 
obtained the cubic equation: 
 
0 0
0
k k
2 2
k
(1 ')(1 ) 3
1
3(1 2 ') M
h + n - L h L
+ =
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       (17) 
 
from which the 
0k
h  values can be determined for a set of values of 'n , L  and M .  
Eq. (17) is undetermined if 
0
2 2
kM 0- h =  and if (1 2 ') 0- n = , thus implying the 
conditions: 
0k
Mh ¹ ±  and ' 1 2n ¹ . 
The 0(NC)k  values predicted from Eq. (17) are now function of the four independent 
parameters 
l
, k , 'f  and 'n . They are plotted in Fig. 4 as a function of the angle of 
shearing resistance 'f  for different values of L  and for ' 0.25n = , while Fig. 5 shows 
the variation of 0(NC)k  with 'f  for typical values of 'n  (i.e. ' 0.2 0.35n = ¸ ) and L  (i.e. 
0.8L = ). The influence of 'n  on the 0k  prediction through Eq. (17) is small for high 
values L  and increases when L  decreases, becoming the prediction only dependent on 
'n  in the limit case of 0L = . 
 
Figs. 4 and 5. 
 
In fact, in this latter case ( 0L = ), Eq. (17) reduces to: 
 
0(NC)
'
k
1 '
n
=
- n
          (18) 
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that represents the correct expression of the coefficient of earth pressure at rest for an 
isotropic elastic material. 
On the other hand, for a rigid perfectly plastic soil ( 1L = ), Eq. (17) reduces to: 
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which coincides with the equation (13) proposed by Roscoe and Burland [26]. 
Table 1 reports a number of experimental values of the coefficient of earth pressure at 
rest for normally consolidated clays taken from the literature, along with the 
corresponding 0(NC)k  values predicted by Eqs. (5), (10), (15) and (17). 
 
Table 1 
 
The OCC model predicts theoretical 0(NC)k  values much higher than the measured ones, 
while using Eq. (10) the values of 0(NC)k  are “somewhat over-predicted by the modified 
theory if 0.2k l = ” (corresponding to a typical value of 0.8L = ), as already noted by 
Roscoe and Burland [26]. A very small improvement can be reached considering the 
Eq. (15) proposed by Burland and Federico [5], while Eq. (17) predicts 0(NC)k  values 
very similar to the ones obtained from Eq. (10) assuming ' 0.25n = . 
The discrepancy between observed and predicted values of 0(NC)k  can be quantified in 
terms of i) mean discrepancy ratio: 
 
 16 
p
e
o
x1
M
n x
=
å
          (20) 
 
where the subscripts “p” and “o” stand for “predicted” and “observed”, respectively, 
and of ii) deviation of the ratio p ox / x  from the unit value – that represents the exact 
prediction – through the standard deviation: 
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The results, summarized in Table 2, clearly indicate that all the considered equations 
tend to overestimate the experimental data: while the OCC predictions are much higher 
than the observed values, the overestimation relative to the other three expressions is 
smaller and comparable. 
 
Table 2 
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Proposed equation and discussion 
 
The analysis of the CSSM models performance in terms of 0(NC)k  prediction presented 
shows that, in general, for a single potential elasto-plastic constitutive model with an 
isotropic hardening law, the predicted 0k  value is essentially controlled by the assumed 
dilatancy rule and, consequently, by the shape of its plastic potential surface. In fact, Eq. 
(5) and Eq. (10) predict very different 0(NC)k  values because of the different dilatancy 
rules assumed in the corresponding models. Eq. (17) does not improve the results of 
Eq.(10) despite of a more accurate assumption on the elastic material behaviour, being 
the influence of the elastic contribution small for typical values of L  (as shown in Fig. 
5). 
The effect of the dilatancy rule assumed in a single surface constitutive model on the 
predicted value of the at rest earth pressure coefficient can be mathematically described 
as follows. 
In general, the substitution of all the elastic and plastic strain components predicted by a 
Cam-Clay like model into Eq. (1) leads to: 
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that can be rearranged as: 
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0k
6d Ad 9= h + L          (23) 
 
where 
( )( ) ( )
A 2 1 ' 1 1 2 '= + n - L - n .  
Eq. (23) has a general validity, whatever dilatancy rule is used in the model, and shows 
that 
0k
h
 is directly proportional to 1 d . In a single surface constitutive model, 1 d  
represents the slope of the normal n  to the plastic potential surface in the point where 
plastic strains begin, as illustrated in Fig. 6. 
 
Fig. 6. 
 
The figure shows a generic plastic potential surface in the p' q-  plane, indicated as 1g , 
and its normal vector 1n  in the point B where the stress path touches the yield surface. 
Assuming a distorted plastic potential surface 2g , characterized by a smaller slope of 
the normal vector 2n  in the same point B, the corresponding 0kh  value will be higher 
according to Eq. (23).  
Lagioia et al. [15] proposed a general expression for the dilatancy rule of an elasto-
plastic model able to describe a wide range of d -h  curves, given by: 
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M
d M 1
æ ö
a
= m - h +
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in which m  is the slope of the linear part of the curve in the d -h  plane and a  is a 
parameter that defines how close to the 0h =  axis the curve bends towards d = ¥ , as 
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indicated in Fig. 7. 
 
Fig. 7. 
 
By integration of Eq. (24), the mathematical expression of the corresponding plastic 
potential curve in the triaxial plane can be derived. The shape of this curve is controlled 
by the two parameters m  and 
a
: by a suitable choice of these parameters, it is possible 
to obtain plastic potential curves with very different shapes, as shown in Figs. 8 and 9. 
 
Figs 8 and 9. 
 
The expression (24) proposed by Lagioia et al. [15] has been introduced into Eq. (23), 
leading to a new equation for 
0k
h : 
 
( ) ( )
0 0 0
3 2 2 2
k k kA 6 AM 1 6M 1 9 AM 6M 0é ùé ùmh - h m + m - a + h m - a - L - ma + ma =
ë û
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            (25) 
 
from which 
0k
h  can be determined for any set of values of the parameters 'n , L , M , 
a
 and m . Being 
( )
,L = L l k , the corresponding 0(NC)k  values are now function of six 
independent parameters. 
The 0(NC)k '- f  relation deriving from Eq. (25) for different values of m  is shown in Fig. 
10, for 0.4a =  and for typical values of L  and 'n . For 0.9m =  and 0.4a = , the 
integration of the dilatancy Eq. (22) gives a plastic potential surface shape very close to 
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the ellipse of the Modified Cam-Clay model. This means that the upper curve shown in 
Fig. 10 is representative of the 0(NC)k  variation with 'f  predicted by the MCC model for 
the selected values of the parameters L  and 'n . 
 
Fig. 10. 
 
The at rest earth pressure coefficient predictions of Eq. (25) for different values of 
a
 
and assuming fixed values for the parameters L , 'n  and m  are presented in Fig. 11. In 
this case, the value of the parameter 
a
 cannot be increased indefinitely because its 
choice has to obey to the mathematical restrictions discussed by Lagioia et al. [15]. 
 
Fig. 11. 
 
The curves reported in Figs. 10 and 11 confirm the strong dependency of 0k  on the 
adopted dilatancy rule, i.e. on the shape of the plastic potential surface: for the same 
value of 'f , the proposed Eq. (25) predicts lower 0(NC)k  values increasing a  (for a 
fixed m ) or increasing m  (for a fixed 
a
), that is changing the plastic potential surface 
from the classical elliptical shape to a distorted petal shape. 
This improvement in the prediction of the earth pressure coefficient at rest can be 
implemented in a critical state soil model following two different ways: i) using the 
same distorted shape for both the yield and the plastic potential surface with an 
associated flow rule; ii) adopting two different shapes for both the yield and the plastic 
potential surface. This latter option allows to select the appropriate shape of the two 
surfaces independently, involving a non-associated flow rule, and has been adopted for 
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the single element simulations presented in the following. 
Fig. 12(a) shows the results of an oedometer test in the p' q-  plane obtained adopting 
the classical MCC formulation (TEST 1) and using a non-associated constitutive model 
(TEST 2) characterized by the same elliptical yield surface of MCC and by a plastic 
potential surface with a distorted shape (obtained using 1.7m = and 0.4a = ). It is worth 
noting to observe that in the simulation of a one-dimensional compression path the 
shape assumed for the yield surface is essentially irrelevant, being the result controlled 
by the kinematic constrain expressed by Eq. (22). 
In the non-associated model, the critical stress ratio of the plastic potential surface (
gM ) 
has been assumed equal to the one relative to the yield surface ( fM ). This choice allows 
to avoid any kind of material instability before the critical state is reached, as the Lade 
instability line [14] is coincident with the Critical State Line (CSL) of the proposed 
model. 
The comparison reported in Fig. 12(a) clearly indicates that the non-associated model 
can predict, for the same angle of shearing resistance, a 0(NC)k  value smaller than the 
one obtained using the MCC model. Moreover, the stress path of TEST 2 is closer to the 
0k
h  line predicted by the familiar Jaky’s [13] simplified equation ( 0(NC)k 1 sin '= - f ) for 
the assumed angle of shearing resistance.  
The use of the dilatancy rule expressed by Eq. (24) obviously implies a material stress-
strain behaviour different from the corresponding one predicted by MCC, as shown in 
Figs. 12(b) and (c) in terms of deviatoric stress-deviatoric strain ( sq - e ) and specific 
volume-mean effective stress ( logp'-v ) curves, respectively. 
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Figs. 12(a), (b) and (c). 
 
For the validation of the proposed model and the calibration of its parameters, the 
experimental results obtained by Cafaro [6] and Cafaro and Cotecchia [7] have been 
considered. The relevant tests have been carried out on reconstituted specimens of 
unweathered grey clay and weathered yellow clay sampled in the Montemesola Basin 
(Taranto, Italy), using a stress-path apparatus with local measurements of radial and 
axial deformations. 
Fig. 13(a) shows the one-dimensional stress path relative to the Montemesola yellow 
clay in the p' q-  plane. Using the values of k , l  and M  specified for this soil by 
Cafaro and Cotecchia [7], the corresponding one-dimensional response predicted by the 
Modified Cam-Clay model (characterized by an elliptical plastic potential surface 
obtained using 0.9m = and 0.4a = ) is indicated in the figure as TEST 1. The simulation 
of the experimental data can be significantly improved changing the plastic potential 
surface shape from the elliptical shape to the one obtained for 3.0m = and 0.4a = , as 
shown by TEST 2. The good agreement between the experimental observation and the 
numerical prediction of the proposed non-associated critical state model is confirmed 
also in terms of stress-strain curves, as shown in Figs. 13(b) and (c), respectively in the 
sq - e  and logp'-v  planes. The response predicted by MCC in the same planes is quite 
distant from the experimental data. 
 
Figs. 13(a), (b) and (c). 
 
The same results have been obtained in the case of the Montemesola grey clay: Figs. 
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14(a), (b) and (c) show the comparison between the experimental data relative to this 
clayey soil and the single element simulations performed adopting the classical MCC 
formulation (TEST 1) and using a non-associated constitutive model (TEST 2) with a 
plastic potential surface shape defined by 2.6m =  and 0.4a = . The better agreement 
using a distorted plastic potential surface is again evident. 
 
Figs. 14(a), (b) and (c). 
 
During the illustrated anisotropic compression tests, the radial strain, measured using a 
radial belt, was kept close to zero with a tolerance not larger than ± 0.08%. 
Although the tolerance adopted during both the experimental tests was almost the same,  
the zig-zag shape of the stress path relative to the Montemesola grey clay was caused by 
repeated cell pressure adjustments to compensate leakage effects during the first part of 
the test. In any case, the single element simulation reasonably matches the final part of 
the experimental path that can be considered reliable. 
Cafaro [6] and Cotecchia et al. [8] reported the results of undrained triaxial compression 
tests performed on the same reconstituted Montemesola clays at the end of the one-
dimensional consolidation paths. In Figure 15(a) the normal consolidation path relative 
to the grey clay already discussed in Fig. 14(a) and the result of the triaxial compression 
test performed on the 0k  consolidated specimen are reported in the p' q-  plane with 
dashed and solid lines, respectively. 
 
Figs. 15(a) and (b). 
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Being the critical stress ratio of the plastic potential surface equal to the one relative to 
the yield surface, the stress path predicted in the p' q-  plane by the proposed non-
associated constitutive model during the simulation of an undrained triaxial 
compression test is uniquely controlled by the shape of its yield surface, whatever 
assumption is made on the model flow rule. For this reason, the triaxial experimental 
path reported in Fig. 15(a) has been simulated with the proposed model adopting 
different shapes of the yield surface. In particular, using the same set of model 
parameters adopted for the simulation of the oedometer test shown in Figs. 14(a), (b) 
and (c), the triaxial response predicted by the Modified Cam-Clay model (characterized 
by an elliptical yield surface obtained using 0.9m = and 0.4a = ) is shown in the figure 
as TEST 1. To better match the experimental data, the yield surface of the model has 
been distorted ( 2.0m = and 2.0a = ), leaving all the other parameters unchanged, and 
the corresponding single element simulation result is reported in Figure 15(a) as TEST 
2. The response predicted using the distorted yield surface is in reasonable agreement 
with the experimental data, also in terms of sq - e  curves reported in Figure 15(b). 
It has to be noted that the yield surface shape assumed during TEST 2 is similar to the 
one derived by Cotecchia et al. [8] testing the reconstituted Montemesola specimens 
along different stress paths. 
Therefore, the numerical simulations shown in this section clearly indicate that, with a 
single set of parameters, the proposed constitutive model allows, on one hand, to select 
the appropriate shape of the plastic potential surface to match the experimental 
oedometer soil response and, on the other hand, to modify the yield surface shape in 
order to better predict the stress-strain behaviour of reconstituted clays during triaxial 
compression. Furthermore, the single element analyses reported in the paper show how 
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the hypothesis of a non-associated flow rule can improve in a relatively simple way the 
critical state models prediction of the mechanical behaviour of soils. 
In order to reproduce the typically observed evolution of anisotropy shown by the 
stress-strain behaviour of soils when tested along different stress paths [10-18-22-28], 
the adoption of anisotropic hardening rules controlling the shape of both the plastic 
potential and yield surfaces of the proposed model should be investigated. 
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Conclusions 
 
In the paper the use of simple elasto-plastic constitutive models for the prediction of the 
at rest earth pressure coefficient for normally consolidated soils has been discussed. A 
critical review of the 0(NC)k  expressions derived from the Critical State Soil Mechanics 
models has been presented. Some of the theoretical limits of these equations have been 
outlined; at the same time, their typical over-prediction of the 0(NC)k  coefficient has 
been shown. Moreover, it has been shown how the 0(NC)k  prediction of a single surface 
model with isotropic hardening is strongly dependent on the dilatancy rule adopted in 
the model, i.e. on the shape of its plastic potential surface.  
In order to obtain lower 0(NC)k  values, the dilatancy rule of the Modified Cam-Clay 
model has been changed using the mathematical expression proposed by Lagioia et al. 
[15]. Consequently, a new theoretical equation for the at rest earth pressure coefficient - 
although of merely speculative interest - has been derived. The predicted 0(NC)k  values 
depend on two additional parameters, which indirectly control the shape of the plastic 
potential surface of the model. With a suitable choice of these two parameters, better 
0(NC)k  predictions can be obtained. In particular, changing the plastic potential surface 
from the classical elliptical to a petal shape, the predicted 0(NC)k  coefficients are lower 
than the ones predicted by MCC for the same angle of shearing resistance. At the same 
time, the model allows to select the appropriate shape of the plastic potential and yield 
surfaces independently, thus giving more freedom in the simulation of the mechanical 
response of reconstituted soils also when tested along paths different from the 
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oedometric one. 
The proposed model has been validated using the experimental data found in the 
literature relative to oedometer and undrained triaxial compression tests performed on 
two reconstituted cohesive soils. The better agreement between the laboratory 
observations and the single element predictions performed using the non-associated 
constitutive model with respect to the ones obtained from MCC has been illustrated. 
Thus, it has been shown how a relatively simple modification of the critical state models 
formulation can lead to a better simulation of the mechanical behaviour of reconstituted 
soils during both normal consolidation and triaxial compression paths.  
Future research will consist in the validation of the new developed equation with further 
experimental data. Moreover, the implementation of the proposed non-associated 
critical state model into a finite element code and its assessment using simple 
geotechnical boundary value problems will be undertook. 
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Fig. 1. 
0(NC)
k  predicted by Eq. (5) vs 'f  for several values of L . 
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Fig. 2. 
0(NC)
k  predicted by Eq. (10) vs 'f  for several values of L . 
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Fig. 3. 
0(NC)
k  predicted by Eq. (15) vs 'f  for several values of f ,iA . 
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Fig. 4. 
0(NC)
k  predicted by Eq. (17) vs 'f  for several values of L  and ' 0.25n = . 
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Fig. 5. 
0(NC)
k  predicted by Eq. (17) vs 'f  for several values of 'n  and 0.8L = . 
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Fig. 6. Geometrical description of Eq. (23). 
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Fig. 7. Geometrical meaning of the parameters m  and 
a
 of Eq. (24). 
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Fig. 8. Effect of the parameter 
a
 on the shape of the: (a) d- h  curve; (b) plastic 
potential curve. 
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Fig. 9. Effect of the parameter m  on the shape of the: (a) d- h  curve; (b) plastic 
potential curve. 
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Fig. 10. 
0(NC)
k  predicted by Eq. (25) vs 'f  for several values of m  and for 0.4a = , 
0.8L = , ' 0.25n = . 
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Fig. 11. 
0(NC)
k  predicted by Eq. (25) vs 'f  for several values of a  and for 0.9m = , 
0.8L = , ' 0.25n = . 
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Fig. 12. Results of simulations performed with the MCC model (TEST 1) and the 
non-associated proposed model (TEST 2) in terms of: (a) stress paths; (b) 
deviatoric stress-deviatoric strain curves and (c) specific volume-mean effective 
stress curves. 
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Fig. 13. Comparison between the oedometer test data on the Montemesola yellow 
clay [6-7] and the results of numerical simulations performed with the MCC model 
(TEST 1) and the non-associated proposed model (TEST 2) in terms of: (a) stress 
paths; (b) deviatoric stress-deviatoric strain curves and (c) specific volume-mean 
effective stress curves. 
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Fig. 14. Comparison between the oedometer test data on the Montemesola grey 
clay [6-7] and the results of numerical simulations performed with the MCC model 
(TEST 1) and the non-associated proposed model (TEST 2) in terms of: (a) stress 
paths; (b) deviatoric stress-deviatoric strain curves and (c) specific volume-mean 
effective stress curves. 
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Fig. 15. Comparison between the triaxial compression test data on the 
Montemesola grey clay [6-8] and the results of numerical simulations performed 
with the MCC model (TEST 1) and the non-associated proposed model (TEST 2) 
in terms of: (a) stress paths and (b) deviatoric stress-deviatoric strain curves. 
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Table 1: Experimental and predicted values of 
0(NC)
k  
 
 
 
 
 
wl Ip f' Af,i L=L(Cc, Cs) L=L(Af,i, f')
(%) (%) (°)
Experimental
Predicted 
by Eq. (5)
Predicted by 
Eq. (10)
Predicted 
by Eq. (15)
Predicted by 
Eq. (17)
§
Hokkaido silt 1 (slurry) 52 21 37.2 0.84 0.80 0.82 0.45 0.74 0.51 0.51 0.52 [17]
Hokkaido silt 2 (slurry) 51 21 35.1 1.04 0.84 1.00 0.45 0.85 0.55 0.59 0.56 [17]
Hokkaido Clay (slurry) 72 32 36.1 0.83 0.85 0.79 0.47 0.83 0.54 0.52 0.55 [17]
Spestone Kaolinite (slurry) 72 32 22.6 1.55 0.90 1.04* 0.64 1.00 0.78 0.79 0.78 [24]
Kawasaki clay-mixture M-10 (slurry) 28 11 39.2 0.61 0.90 0.53 0.42 0.78 0.50 0.40 0.51 [21]
Kawasaki clay-mixture M-15 (slurry) 35 15 38.7 0.65 0.89 0.59 0.40 0.79 0.51 0.43 0.52 [21]
Kawasaki clay-mixture M-20 (slurry) 43 19 40.6 0.71 0.89 0.70 0.41 0.73 0.48 0.43 0.49 [21]
Kawasaki clay-mixture M-30 (slurry) 55 29 40.8 0.72 0.87 0.72 0.41 0.71 0.47 0.43 0.48 [21]
Kawasaki clay M-50 (slurry) 84 51 41.6 0.81 0.87 0.94 0.43 0.68 0.46 0.46 0.47 [21]
Ohita clay (slurry) 42 13 41.2 0.51 0.89 0.38 0.43 0.71 0.47 0.33 0.48 [21]
Nagoya clay (slurry) 45 24 39.3 0.79 0.88 0.79 0.41 0.76 0.50 0.47 0.51 [21]
Sakaiminato clay (slurry) 54 28 40.5 0.57 0.88 0.48 0.44 0.72 0.48 0.37 0.49 [21]
Niigata clay (slurry) 71 38 40 0.75 0.86 0.75 0.46 0.72 0.48 0.45 0.49 [21]
Toyama clay (slurry) 78 43 41.1 0.76 0.87 0.78 0.42 0.70 0.47 0.45 0.48 [21]
Aomori clay (slurry) 82 48 40.2 0.75 0.87 0.75 0.43 0.72 0.48 0.45 0.49 [21]
Kobe clay (slurry) 86 56 31.9 0.92 0.76 0.81 0.48 0.87 0.58 0.60 0.60 [21]
* L=1 has been assumed in Eq. (15)
§
 n = 0.25 has been used in Eq. (17)
k0
ReferenceSoil
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Table 2: Accuracy of the 
0(NC)
k  prediction using the Critical State Soil Mechanics 
models 
 
 
Mean discrepancy ratio Standard deviation
k0 predicted by Eq. (5) 1.73 0.74
k0 predicted by Eq. (10) 1.15 0.17
k0 predicted by Eq. (15) 1.07 0.15
k0 predicted by Eq. (17) 1.18 0.19  
 
 
 
